A corotational finite element method combined with floating frame method and a numerical procedure is proposed to investigate large steady-state deformation and infinitesimal-free vibration around the steady-state deformation of a rotating-inclined Euler beam at constant angular velocity. The element nodal forces are derived using the consistent second-order linearization of the nonlinear beam theory, the d'Alembert principle, and the virtual work principle in a current inertia element coordinates, which is coincident with a rotating element coordinate system constructed at the current configuration of the beam element. The governing equations for linear vibration are obtained by the first-order Taylor series expansion of the equation of motion at the position of steady-state deformation. Numerical examples are studied to demonstrate the accuracy and efficiency of the proposed method and to investigate the steady-state deformation and natural frequency of the rotating beam with different inclined angle, angular velocities, radius of the hub, and slenderness ratios.
Introduction
Rotating beams are often used as a simple model for propellers, turbine blades, and satellite booms. Rotating beam differs from a nonrotating beam in having additional centrifugal force and Coriolis effects on its dynamics. The vibration analysis of rotating beams has been extensively studied . However, the vibration analysis of rotating beam with inclination angle, which is considered in the recent computer cooling fan design on the natural frequencies of rotating beams 21 , is rather rare in the literature 10, 19, 21, 22 . In 21, 22 , the effect of the steady-state axial deformation and the inclination angle on the natural frequencies of the rotating beam was investigated. However, the lateral steadystate deformation and its effects on the natural frequencies of the rotating beam were not considered in 21, 22 . To the authors' knowledge, the lateral steady-state deformation and its effects on the lagwise bending and axial vibration of rotating inclined beams are not reported in the literature.
Mathematical Problems in Engineering
It is well known that the spinning elastic bodies sustain a steady-state deformation time-independent deformation induced by constant rotation 26 . For rotating beams with an inclination angle as shown in Figure 1 , the steady-state deformations include axial deformation and lateral deformation. The linear solution of the steady-state deformation of rotating-inclined beam induced by constant rotation can be easily obtained using mechanics of materials. However, the centrifugal stiffening effect on the steady lateral deformation is significant for slender rotating-inclined beam, and the centrifugal force is configuration dependent load; thus the linear solution of the steady-state deformation of rotating inclined beam may be not accurate enough. The lagwise bending and axial vibration of rotating inclined beams are coupled due to the Coriolis effects 15, 24 and the lateral steady-state deformation. The accuracy of the frequencies obtained from linearizing about the steadystate deformation is dependent on the accuracy of the steady-state deformation and the accuracy of the linearized perturbation 6, 12 . Thus, the geometrical nonlinearities that arise due to steady-state deformation should be considered. In 6 , the rotating beam with pretwist, precone, and setting angle is studied. The undeformed state of the rotating beam is chosen to be the reference state to define the deformation parameters of the rotating beam. The geometric nonlinearities up to the second degree are considered. The Galerkin method, with vibration modes of nonrotating beam, is employed for the solution of both steadystate nonlinear equations and linear perturbation equations. In 8 , it is reported that for a cantilever beam with a tip mass, even up to the third degree geometric nonlinearities are considered, in some cases, very inaccurate eigenvalues for the perturbed linearized equation of motion are obtained. The formulation used in 6, 8, 12 may be regarded as a total Lagrangian TL formulation combined with the floating frame method. In order to capture correctly all inertia effects and coupling among bending, twisting, and stretching Mathematical Problems in Engineering 3 deformations of the rotating beam, the governing equations of the rotating beam might be derived by the fully geometrically nonlinear beam theory 12, 27, 28 . The exact expressions for the inertia, deformation forces, and the governing equations of the rotating beam, which are required in a TL formulation for large displacement/small strain problems, are highly nonlinear functions of deformation parameters. However, the dominant factors in the geometrical nonlinearities of beam structures are attributable to finite rotations, with the strains remaining small. For a beam structures discretized by finite elements, this implies that the motion of the individual elements to a large extent will consist of rigid body motion. If the rigid body motion part is eliminated from the total displacements and the element size is properly chosen, the deformational part of the motion is always small relative to the local element axes; thus in conjunction with the corotational formulation, the higherorder terms of nodal deformation parameters in the element deformation and inertia nodal forces may be neglected by consistent linearization 28, 29 . In 29 , Hsiao et al. presented a corotational finite element formulation and numerical procedure for the dynamic analysis of planar beam structures. Both the element deformation and inertia forces are systematically derived by consistent linearization of the fully geometrically nonlinear beam theory using the d Alembert principle and the virtual work principle. This formulation and numerical procedure were proven to be very effective by numerical examples studied in 29 . However, because the nodal displacements and rotations, velocities, accelerations, and the equations of motion of the system are defined in terms of a fixed global coordinate system, the formulation proposed in 29 cannot be used for steady-state deformation and free vibration analysis of a rotating-inclined beam. The absolute nodal coordinate formulation 30, 31 is used to large rotation and large deformation problems. Numerical results show that the absolute nodal coordinate formulation can be effectively used in the large deformation problems. However, the mass matrix of the finite elements in 30, 31 is a constant matrix, and therefore, the centrifugal and Coriolis forces are equal to zero. Thus, the absolute nodal coordinate formulation cannot be used for steady-state deformation and free vibration analysis of a rotating inclined beam.
The objective of this study is to present a corotational finite element method combined with floating frame method and a numerical procedure for large steady-state deformation and free vibration analysis of a rotating-inclined beam at constant angular velocity. The nodal coordinates, displacements and rotations, absolute velocities, absolute accelerations, and the equations of motion of the system are defined in terms of an inertia global coordinate system which is coincident with a rotating global coordinate system rigidly tied to the rotating hub, while the total deformations in the beam element are measured in an inertia element coordinate system which is coincident with a rotating element coordinate system constructed at the current configuration of the beam element. The rotating element coordinates rotate about the hub axis at the angular speed of the hub. The inertia nodal forces and deformation nodal forces of the beam element are systematically derived by the virtual work principle, the d Alembert principle, and consistent second-order linearization of the fully geometrically nonlinear beam theory 27-29 in the element coordinates. Due to the consideration of the exact kinematics of Euler beam, some coupling terms of axial and flexural deformations are retained in the element internal nodal forces. The element equations are constructed first in the inertia element coordinate system and then transformed to the inertia global coordinate system using standard procedure.
The infinitesimal-free vibrations of rotating beam are measured from the position of the corresponding steady-state deformation. The governing equations for linear vibration of rotating beam are obtained by the first-order Taylor series expansion of the equation of motion at the position of steady-state deformation.
Dimensionless numerical examples are studied to demonstrate the accuracy and efficiency of the proposed method and to investigate the effect of inclination angle and slenderness ratio on the steady-state deformation and the natural frequency for rotating inclined Euler beams at different angular speeds.
Formulation

Description of Problem
Consider an inclined uniform Euler beam of length L T rigidly mounted with an inclination angle α on the periphery of rigid hub with radius R rotating about its axis fixed in space at a constant angular speed Ω as shown in Figure 1 . The axis of the rotating hub is perpendicular to one of the principal directions of the cross section of the beam. The deformation displacements of the beam are defined in an inertia rectangular Cartesian coordinate system which is coincident with a rotating rectangular Cartesian coordinate system rigidly tied to the hub.
Here only axial and lagwise bending vibrations are considered. It is well known that the beam sustains a steady-state deformations time-independent deformation displacements induced by constant rotation 26 . In this study, large displacement and rotation with small strain are considered in the steady-state deformation. The vibration time-dependent deformation displacements of the beam is measured from the position of the steady-state deformation, and only infinitesimal-free vibration is considered. Note that the axial and lagwise vibrations, which are coupled due to the Coriolis effects and the lateral steady-state deformation, cannot be analyzed independently. Here the engineering strain and stress are used for the measure of the strain and stress.
Basic Assumptions
The following assumptions are made in derivation of the beam element behavior.
1 The beam is prismatic and slender, and the Euler-Bernoulli hypothesis is valid.
2 The unit extension of the centroid axis of the beam element is uniform.
3 The deformation displacements and rotations of the beam element are small. 4 The strains of the beam element are small.
In conjunction with the corotational formulation and rotating frame method, the third assumption can always be satisfied if the element size is properly chosen. Thus, only the terms up to the second order of deformation parameters and their spatial derivatives are retained in element position vector, strain, and deformation nodal forces by consistent second-order linearization in this study.
Coordinate Systems
In order to describe the system, we define three sets of right-handed rectangular Cartesian coordinate systems. Figure 1 . The origin of this coordinate system is chosen to be the intersection of the centroid axes of the hub and the undeformed beam. The X 1 axis is chosen to coincide with the centroid axis of the undeformed beam, and the X 2 and X 3 axes are chosen to be the principal directions of the cross section of the beam at the undeformed state. The direction of the axis of the rotating hub is parallel to the X 3 axis. The nodal coordinates, nodal deformation displacements, absolute nodal velocity, absolute nodal acceleration, and equations of motion of the system are defined in terms of an inertia global coordinate system which is coincident with the rotating global coordinate system. 2 Element coordinates; x i i 1, 2, 3 see Figure 2 , a set of element coordinates is associated with each element, which is constructed at the current configuration of the beam element. The coordinates rotate about the hub axis at a constant angular speed Ω. The origin of this coordinate system is located at the element node 1, the centroid of the end section. The x 1 axis is chosen to pass through two end nodes of the element; the directions of the x 2 and x 3 axes are chosen to coincide with the principal direction of the cross section in the undeformed state. Because only the displacements in X 1 X 2 plane are considered, the directions of x 3 axis and X 3 axis are coincident. The position vector, deformations, absolute velocity, absolute acceleration, internal nodal forces, stiffness matrices, and inertia matrices of the elements are defined in terms of an inertia element coordinate system which is coincident with the rotating element coordinate system.
In this study, the direction of the axis of the rotating hub is parallel to the X 3 axis and only the displacements in X 1 X 2 plane are considered. Thus, the angular velocity of the hub referred to the global coordinates may be given by
where the symbol { } denotes a column matrix, which is used through the paper. 
Kinematics of Beam Element
Let Q Figure 3 be an arbitrary point in the beam element and P the point corresponding to Q on the centroid axis. The position vector of point Q in the undeformed configurations referred to the current element coordinate system may be expressed as r 0 x, y, z .
2.2
Using the approximation cos θ ≈ 1 − 1/2 θ 2 , sin θ ≈ θ, and 1 ε c ≈ 1, retaining all terms up to the second order, the position vector of point Q in the deformed configurations referred to the current element coordinate system may be expressed as
where x p x, t and v x, t are the x 1 and x 2 coordinates of point P, respectively, in the deformed configuration, t is time, θ θ x, t is the angle counterclockwise measured from x 1 axis to the tangent of the centroid axis of the deformed beam, ε c is the unit extension of the centroid axis, and s is the arc length of the deformed centroid axis measured from node 1 to point P . In this paper, denotes ,x ∂ /∂x.
Here, the lateral deflection of the centroid axis, v x, t , is assumed to be the Hermitian polynomials of x and may be expressed by 
where L is the length of the undeformed beam element. Making use of assumptions v ,x 1 and ε c 1, the relationship between x p x, t , v x, t , and x in 2.3 may be approximated by
where u 1 is the displacement of node 1 in the x 1 direction. Note that due to the definition of the element coordinate system, the value of u 1 is equal to zero. However, the variation and time derivatives of u 1 are not zero. The axial displacements of the centroid axis may be determined from the lateral deflections and the unit extension of the centroid axis using 2.9 .
From 2.9 , one may obtain
in which is the current chord length of the centroid axis of the beam element and u 2 is the displacement of node 2 in the x 1 direction. Using the assumption of uniform extension of the centroid axis and 2.10 , ε c in 2.10 maybe expressed by
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Substituting 2.11 into 2.9 , one may obtain
2.12
From 2.3 and the definition of engineering strain 32, 33 , making use of the assumption of small strain, and retaining the terms up to the second order of deformation parameters, the engineering strain in the Euler beam may be approximated by
The absolute velocity and acceleration vectors of point Q in the beam element may be expressed as
2.14
where r is the position vector of point Q given in 2.3 referred to the current moving element coordinate system, the symbol˙ denotes time derivative, Ω is the vector of angular velocity referred to the current inertia element coordinates, Ω G is the angular velocity of the hub referred to the global coordinates given in 2.1 , A GE is the transformation matrix between the current global coordinates and the current element coordinates, v o and a o are the absolute velocity and absolute acceleration of point o, the origin of the current element coordinates, X o and Y o are coordinates of point o referred to the current global coordinates, R is the radius of the hub, and α is inclination angle of the rotating beam. Ω × Ω × r and 2Ω ×ṙ are centripetal acceleration and Coriolis acceleration, respectively.ṙ andr are the velocity and acceleration of point Q relative to the current moving element coordinates. From 2.3 , 2.11 and 2.12 ,ṙ andr may be expressed aṡ
2.21
Note that the current element coordinates constructed at the current configuration of the beam element rotate about the hub axis at the angular velocity of the hub. Thus, the centripetal acceleration and Coriolis acceleration corresponding to the inertia forces of the rotating beam are unique. For nonrotating beam, Ω 0 andṙ andr are the absolute velocity and acceleration referred to the current element coordinate.
Element Nodal Force Vector
Let u j ,δv j , and δv j j 1, 2 denote the virtual displacements in the x 1 and x 2 directions of the current inertia element coordinates, and virtual rotations applied at the element nodes j. The element nodal force corresponding to virtual nodal displacements δu j , δv j , and δv j j 1, 2 are f ij , the forces in the x i i 1, 2 directions, and m j moments about the x 3 axis, at element local nodes j.
The element nodal force vector is obtained from the d Alembert principle and the virtual work principle in the current inertia element coordinates. The virtual work principle requires that If the element size is chosen to be sufficiently small, the values of the deformation parameters of the deformed element defined in the current element coordinate system may always be much smaller than unity. Thus the higher-order terms of deformation parameters in the element internal nodal forces may be neglected. However, in order to include the nonlinear coupling among the bending and stretching deformations, the terms up to the second order of deformation parameters and their spatial derivatives are retained in element deformation nodal forces by consistent second-order linearization of δε 11 σ 11 in 2.22 . Here, only infinitesimal-free vibration is considered, thus only the terms up to the first order of time derivatives of deformation parameters and their spatial derivatives are retained in element inertia nodal forces by consistent first-order linearization of δr t a in 2.22 . From 2.6 and 2.11 , the variation of ε 11 in 2.13 may be expressed as
2.31
From 2.3 , 2.6 , and 2.12 , δr the variation of r in 2.3 may be expressed as
2.32
Substituting 2.15 -2.21 and 2.31 -2.32 into 2.22 , using ydA 0, neglecting the higher order terms, we may obtain
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where the range of integration for the integral dx in 2.34 -2.36 is from 0 to L, A is the cross section area, I is moment of inertia of the cross section, a oi i 1, 2 are the x i components of a o in 2.17 . The underlined terms in 2.35 and 2.36 are the inertia nodal force corresponding to the steady-state deformation induced by the constant rotation.
Element Matrices
The element matrices considered are element tangent stiffness matrix, mass matrix, centripetal stiffness matrix, and gyroscopic matrix. The element matrices may be obtained by differentiating the element nodal force vectors in 2.33 -2.36 with respect to nodal parameters and time derivatives of nodal parameters.
Using the direct stiffness method, the element tangent stiffness matrix may be assembled by the following submatrices:
2.37
The element mass matrix may be assembled by the following submatrices: 
2.38
The element centripetal stiffness matrix may be assembled by the following submatrices: 
2.39
Force and moment
The element gyroscopic matrix may be assembled by the following submatrices: 
2.40
Equations of Motion
For convenience, the dimensionless variables defined in Table 1 are used here.
The dimensionless nonlinear equations of motion for a rotating beam with constant angular velocity may be expressed by
where k and τ are dimensionless time and dimensionless angular speed of rotating beam, respectively, defined in Here, an incremental-iterative method based on the Newton-Raphson method is employed for the solution of nonlinear dimensionless steady-state equilibrium equations at different dimensionless rotation speed k. In this paper, a weighted Euclidean norm of the unbalanced force is employed for the equilibrium iterations and is given by
where N is number of the equations of the system and e tol is a prescribed value of error tolerance. Unless otherwise stated, the error tolerance e tol is set to 10 −5 in this study.
Governing Equations for Free Vibration Measured from the Position of Steady-State Deformation
Substituting 2.42 into 2.41 and setting the first-order Taylor series expansion of the unbalanced force vector ϕ around Q s to zero, one may obtain the dimensionless governing equations for linear free vibration of the rotating beam measured from the position of the steady-state deformation as follows.
MQ CQ
where M, C, K, and K Ω are dimensionless mass matrix, gyroscopic matrix, tangent stiffness matrix, and centripetal stiffness matrix of the rotating beam, respectively. M, C, K, and K Ω are assembled from the dimensionless element mass matrix, gyroscopic matrix, tangent stiffness matrix, and centripetal stiffness matrix, which are calculated using 2.37 -2.40 and the dimensionless variables defined in Table 1 first in the current element coordinates and then transformed from element coordinate system to global coordinate system before assemblage using standard procedure. We will seek a solution of 2.45 in the form
where i √ −1, K and τ are dimensionless natural frequency of rotating beam and dimensionless time defined in Table 1 , and Q R and Q I are real part and imaginary part of the vibration mode.
Substituting 2.46 into 2.45 , one may obtain a set of homogeneous equations expressed by HZ 0, 2.47
where H K, k denotes H being a function of K and k. Note that H is a symmetric matrix. Equation 2.47 is a quadratic eigenvalue problem. For a nontrivial Z, the determinant of matrix H in 2.47 must be equal to zero. The values of K which make the determinant vanishes are called eigenvalues of matrix H. The bisection method is used here to find the eigenvalues. Note that when k 0, 2.47 will degenerate to a generalized eigenvalue problem.
Numerical Examples
To verify the accuracy of the present method and to investigate the steady deformation and the natural frequencies of rotating-inclined beams with different inclination angle α, dimensionless radius of the hub R, and slenderness ratios η L T A/I at different dimensionless angular velocities k, several dimensionless numerical examples are studied here.
For simplicity, only the uniform beam with rectangular cross section is considered here. The maximum steady-state axial strain ε max of rotating beam is the sum of the maximum steady-state membrane strain ε , which occur at the root of the rotating beam. In practice, rotating structures are designed to operate in the elastic range of the materials. Thus, it is considered that ε max ≤ ε y say 0.01 in this study. At the same dimensionless angular speed k, ε max are different for rotating beams with different η, α, and R. Thus, the allowable k are different for rotating beams with different η, α, and R in this study. To investigate the effect of the lateral deflection on the steady-state deformation and the natural frequency of rotating Euler beams, here cases with and without considering the lateral deflection are considered. The corresponding elements are referred to as EA element and EB element, respectively. For EA element, all terms in 2.33 -2.40 are considered; for EB element, all terms in 2.33 -2.40 are considered except the underlined terms in 2.36 , which are the lateral inertia nodal force corresponding to the steady-state deformation induced by the constant rotation. In this section, v tip /L T denotes the dimensionless lateral tip deflection of the steady-state deformation; K i denotes the ith dimensionless natural frequency of the rotating beam and denote that the corresponding vibration mode is lateral vibration at k 0; in all tables, the entries with " a " denotes that the corresponding vibration mode is axial vibration at k 0.
The example first considered is the rotating-inclined beams with dimensionless radius of the hub R 1.5, inclination angle α 0
• , 5
• , 30
• , 90
• , and slenderness ratios η 20, 1000. The present results are shown in Tables 2 and 3 together with some results available in the literature. In Tables 2 and 3 , EAn, n 10, 50, 100, denote that n equal EA elements are used for discretization, and LAS denotes the linear analytical solution of the steady-state deformation. It can be seen that for higher natural frequencies of lateral vibration, the discrepancy between the present results and the analytical solutions given in 34 , in which the rotary inertia is not considered, increases with decrease of the slenderness ratio. It seems that the effect of the rotary inertia on the higher natural frequencies of the Euler beam is not negligible when the slenderness ratio is small. It can be seen from Tables 2 and 3 that the differences between the results of EA50 and EA 100 are negligible for all cases studied. Thus, in the rest of the section, all numerical results are obtained using 50 equal elements. For α 0, and k / 0, the steady-state deformation is axial deformation only as expected. The analytical solution of the maximum steady-state membrane strain ε max c k 2 R cos α 1/2 given in 15 and the linear solution are identical. It can be seen that at the same dimensionless angular speed k, ε max c is independent of the slenderness ratio η. Thus, for α 0, the allowable k is limited by ε max c and is the same for the rotating beam with different slenderness ratio η. Very good agreement is observed between the natural frequencies obtained by the present study and those given in 24 , which are obtained using the power series method. It can be seen from Table 3 and v tip /L T of EA with the results of linear analytical solution, respectively, it is found that the difference between the results of EA and LAS is insignificant for η 20 but is remarked for η 1000. These may be explained as follows. The centrifugal stiffening effect is significant for slender beam, and the lateral component of the centrifugal force in the rotating inclined beam decreases with the increase of the steady-state lateral deflection. To investigate the effect of the lateral deflection on the steady-state deformation and the natural frequency of rotating-inclined beams, the cases with and without considering the lateral deflection are studied for η 70, R 1, and k 5/70. The present results are shown in Table 4 . The results transcribed from the figure given in 21 , in which the steadystate lateral deflection and the rotary inertia are not considered, are also shown in Table 4 for Table 6 : Dimensionless frequencies for rotating beam with different inclination angle η 50, R 1 . comparison. It can be seen from Table 4 that except α 0, the values of ε max b are much larger than the yield strain for most engineering materials at k 5/70. Thus the results in Table 4 are only displayed for the purpose of comparisons between the results of EB and those given in 21 . There is a very good agreement between the natural frequencies obtained using the EB element and those given in 21 . Although the comparisons are beyond the yield point of most engineering materials, results of EA and EB show that the differences between the cases with and without considering the lateral deflection become apparent for the rotating-inclined beam with large inclination angle α at high-dimensionless angular speed. It can be seen from Table 4 that the difference between the natural frequencies of EA and EB is not significant for small α, but the first natural frequency of EB is much smaller than that of EA for large α. The natural frequencies of EA slightly decrease with increase of α, but those of EB significantly decrease with increase of α for α ≥ 50
• . These may be partially attributed to the fact that the decrease of the centrifugal stiffening effect of the rotating-inclined beam caused by the increase of the inclination angle is alleviated by the increase of lateral deflection induced by the lateral centrifugal force.
To investigate the effect of angular speed on the steady-state deformation and natural frequency of rotating beams with different slenderness ratios and inclination angles, the following cases are considered: slenderness ratio η 39, 50, 100, 1000, inclination angle α 0
• , and dimensionless radius of the rotating hub R 1. Tables 5, 6 , 7, and 8 Table 7 : Dimensionless frequencies for rotating beam with different inclination angle η 100, R 1 . tabulate the maximum steady-state membrane strain and bending strain, dimensionless lateral tip deflection, and first six dimensionless natural frequencies for different η. It can be seen from Tables 5-8 that the values of v tip /L T increase significantly with the increase of the dimensionless angular velocities k and slenderness ratio η. However, the values of v tip /L T are very small for η 39 and 50. Because the stiffening effect of the centrifugal force is significant for slender beam, as expected, it can be seen from Table 8 that the lower natural frequencies of lateral vibration increase remarked with increase of the dimensionless angular speed for η 1000. Figures 4-6 show the deformed configurations, axial displacements, and lateral displacements for the steady-state deformation of rotating beams with η 100, α 90
• , and η 1000, α 5
• at different dimensionless angular speeds. In Figures 4-6 , the X 1 and X 2 coordinates of the deformed configurations of rotating beam are present at the same scale, and X 0 1 denotes the global Lagrangian coordinate of the beam axis. Very large displacement and rotation are observed in Figure 6 . Figures 7-10 show the first six vibration modes for rotating beams with 39, α 0 • , 5
• at different dimensionless angular speeds. In Figures 7-10 , U and V denote the X 1 and X 2 components of the vibration mode, respectively. The definitions of U and V are given by
where U R and V R , and U I and V I are the X 1 and X 2 components of Q R and Q I , real part and imaginary part of the vibration mode given in 2.47 , respectively. φ u and φ v are phase angles. Mode j j 1-6 denotes the vibration mode dominated by the vibration mode corresponding to the jth natural frequency of the nonrotating beam. It can be seen from vibration at k 0, except the fourth and the sixth vibration modes of η 39. Mode 3 is the third bending vibration mode, and mode 4 is the first axial vibration mode for η 39. Figure 11 shows the third and the fourth dimensionless natural frequencies for the rotating beam with η 39 at different dimensionless angular velocities. Because the third and the fourth natural frequencies are relatively close, frequency veering phenomenon 24 induced by the Coriolis force and the centrifugal force is observed in Figure 11 . It can be seen from Figures 7 and 8 that the coupling of the axial and lateral vibration modes is very significant. Due to the effect of Coriolis force and the lateral steady-state deformation, the axial and lateral vibrations of rotating beam should be coupled. However, from the numerical results of this study, it is found that the coupling is negligible for rotating beam with small slenderness ratio if the corresponding natural frequencies of the axial and lateral vibrations are not close. Due to the steady-state lateral deformation, it can be seen from Figures 9 and 10 that when k / 0, all vibration modes consist of the X 1 and X 2 components. The difference between the vibration modes of rotating beam at different k is very significant for η 1000. 
Conclusions
In this paper, a corotational finite element formulation combined with the rotating frame method and numerical procedure are proposed to derive the equations of motion for a rotating-inclined Euler beam at constant angular velocity. The element deformation and inertia nodal forces are systematically derived by the virtual work principle, the d Alembert principle, and consistent second-order linearization of the fully geometrically nonlinear beam theory in the current element coordinates. The equations of motion of the system are defined in terms of an inertia global coordinate system which is coincident with a rotating global coordinate system rigidly tied to the rotating hub, while the total strains in the beam element are measured in an inertia element coordinate system which is coincident with a rotating element coordinate system constructed at the current configuration of the beam element. The rotating element coordinates rotate about the hub axis at the angular speed of the hub. The steady-state deformation and the natural frequency of infinitesimal-free vibration measured from the position of the corresponding steady-state deformation are investigated for rotating-inclined Euler beams with different inclination angles, slenderness ratios, and angular speeds of the hub. The results of dimensionless numerical examples demonstrate the accuracy and efficiency of the proposed method. The present results show that the geometrical nonlinearities that arise due to steady-state lateral and axial deformations should be considered for the natural frequencies of the inclined-rotating beams. Due to the effect of the centrifugal stiffening, the lower dimensionless natural frequencies of lateral vibration increase remarked with increase of the dimensionless angular speed for slender beam. The decrease of the cen-trifugal stiffening effect of the rotating inclined beam caused by the increase of the inclination angle is alleviated by the increase of lateral deflection induced by the lateral centrifugal force. Due to effect of the Coriolis force and centrifugal stiffening, frequency veering phenomenon is observed when inclination angle α 0
• , and two natural frequencies corresponding to axial vibration and lateral vibration are close.
Finally, it may be emphasized that, although the proposed method is only applied to the two dimensional rotating cantilever beams with inclination angle here, the present method can be easily extended to three dimensional rotating beams with precone and setting angle. 
